This paper states on the new concept of the generalized Bouguer anomaly (GBA) that is defined upon the datum level of an arbitrary elevation. Discussions are particularly focused on how to realize the Bouguer anomaly that is free from the assumption of the Bouguer reduction density ρ B , namely, the ρ B -free Bouguer anomaly, and on what is meant by the ρ B -free Bouguer anomaly in relation to the fundamental equation of physical geodesy. By introducing a new concept of the specific datum level so that GBA is not affected by the topographic masses, we show the equations of GBA upon the specific datum levels become free from ρ B and/or the terrain correction. Subsequently utilizing these equations, we derive an approximate equation for estimating ρ B . Finally, we show how to compute a Bouguer anomaly on the geoid by transforming the datum level of GBA from the specific datum level to the level of the geoid. These procedures yield a new method for obtaining the Bouguer anomaly in the classical sense (say, the Bouguer disturbance), which is free from the assumption of ρ B . We remark that GBA upon the ρ B -free datum level is the gravity disturbance and that the equation of it has a tie to the fundamental equation of physical geodesy.
Introduction
In this paper, we present a new concept of the generalized Bouguer anomaly, which is defined upon the datum level of gravity reduction of an arbitrary elevation. The classical Bouguer anomaly has been defined upon the geoid by the difference between the observed gravity reduced to the geoid and the reference gravity upon the geoid. The reference gravity has been equated to the standard gravity (e.g. Heiland, 1946) . No distinction was made between the reference gravity and the standard gravity. In the theory of modern physical geodesy, the normal gravity upon the reference ellipsoid was introduced as the reference gravity (Heiskanen and Moritz, 1967, p. 44) . However, it is well known that the surface of the reference ellipsoid is different from that of the geoid. Therefore, the reference gravity upon the geoid is represented in terms of the normal gravity and the geoid height. Hackney and Featherstone (2003) recently discussed geodetic and geophysical 'gravity anomalies'.
In order to perform the formulation, we attempted to generalize the Bouguer anomaly upon an arbitrary elevation (the orthometric height). The reduction level laterally varies in height depending on the position of the gravity station. Also it does not coincide with a boundary of a Bouguer plate (or a Bouguer spherical cap) above the geoid. As is written in the text, we define the generalized Bouguer anomaly upon the datum level of an arbitrary elevation by the difference between the reduced observed gravity and the reference gravity that is reduced within the Earth's materiCopyright c The Society of Geomagnetism and Earth, Planetary and Space Sciences (SGEPSS); The Seismological Society of Japan; The Volcanological Society of Japan; The Geodetic Society of Japan; The Japanese Society for Planetary Sciences; TERRAPUB.
als by the Poincaré-Prey reduction or, in short, the Prey reduction (Heiskanen and Moritz, 1967, p. 146, pp. 163-165) from the normal gravity at the reference ellipsoid. The main aim of such a generalization of the Bouguer anomaly is to study the subsurface structures (e.g. Nozaki, 1997) . The figure of the Earth is not the subject of such a generalization of the Bouguer anomaly.
One of the most prominent features of the generalized Bouguer anomaly lies in the treatment of the reference gravity field: the use of the Prey reduction for the reference gravity. This means that the level of gravity reduction is within the Earth's mass distribution outside the reference ellipsoid as well as inside.
In Section 2, we explain the motivations of this study. In Section 3, we describe the details of the formulation of the generalized Bouguer anomaly. Also, we explain the physical properties of the new formula thus obtained. In Section 4, we define the three specific datum levels of gravity reduction: the one is the datum level so that the value of the generalized Bouguer anomaly becomes invariant for any Bouguer reduction density (the so-called 'ρ B -free datum level ') , and the other is the datum level so that the sum of the terrain and Bouguer corrections becomes zero for any Bouguer reduction density. Also, we derive the generalized Bouguer anomaly at each specific datum level. Particularly, it will be shown that the generalized Bouguer anomaly upon the ρ B -free datum level, namely, the ρ B -free Bouguer anomaly, is free from the Bouguer reduction density and is equal to the 'gravity disturbance' as defined in the physical geodesy. It will be also shown that the equation of the ρ B -free Bouguer anomaly is the same as the fundamental equation of physical geodesy, which defines the 'gravity anomaly' (Heiskanen and Moritz, 1967) . In Section 5, we describe the details of the derivation of an approximate equation to be satisfied by the Bouguer reduction density and the anomalous vertical gradient of the gravity. This approximation can be used for the estimation of the Bouguer reduction density. In Section 6, using such an estimated Bouguer reduction density, we describe a method to obtain the generalized Bouguer anomaly distribution upon the geoid from that upon the ρ B -free datum level. We show that it is nothing but the Bouguer anomaly in the classical sense (say, the Bouguer disturbance) which has been used to study the subsurface structures.
Motivations of the Approach
The most important motivation in this study is the 'existence of the Bouguer anomaly invariant point'. Figure 1 shows variation of Bouguer anomaly distributions due to the variation of the Bouguer reduction density ρ B . The range of ρ B variation is between 0.0 kg/m 3 to 5,000 kg/m 3 . The Bouguer anomaly is defined upon the geoid as is done in a classical textbook (e.g. Heiland, 1946) . Namely, the elevation of the datum level of gravity reduction is taken at the geoid. The adopted free-air gradient is taken as 0.3086 mGal/m (10 −5 m/s 2 /m). On Fig. 1(a) , one can notice three points that are indicated by arrows. The Bouguer anomalies (BAs) for these points are independent of the variation of the Bouguer reduction densities ρ B . For convenience, we call each of these points a 'B A-invariant point'. On Fig. 1(b) , no such B A-invariant points occur. What does such a B A-invariant point mean? At such a point, the Bouguer anomaly is free from the surrounding topographic masses.
Why do B A-invariant points exist? The reason is the elevation of the datum level of the gravity reduction. In this case, it is the geoid. If one changes the elevation of the datum level upwards and downwards, the location of the B A-invariant points would also change. In other words, any gravity station can become a B A-invariant point for each gravity data by adjusting the elevation of the datum level.
If gravity anomalies are mapped by using only such B Ainvariant points, it could be the most useful one for studying subsurface structures, because the gravity anomalies are independent of the Bouguer reduction density ρ B . From this point of view, the elevation of the datum level of the gravity reduction could have freedom to be selected.
Formulation of the Generalized Bouguer Anomaly

Height system and definition
In this paper, we will use the orthometric height system. Firstly, we make some comments on the height system. As mentioned above, the main goal of this paper is the generalization of the classical Bouguer anomaly, which has been referred to the geoid. In the land gravity survey, the data set are given by the observed gravity with position and elevation.
Although the exact determination of the orthometric height requires the complete knowledge of the actual gravity field within the topographic masses, this type of the height system is the most familiar one in the classical Bouguer anomaly. Therefore, in deriving the concept of generalized Bouguer anomaly, we will use this height system. In Fig. 2(a) , we show the correspondence between the height system used in this paper based on the orthometric height and the standard height system based on the normal height.
Here, we define the generalized Bouguer anomaly of the observed gravity g p . Let the elevation of an arbitrary datum level be H p (orthometric height from the geoid). The elevation of the geoid is zero in this height system. The elevation of the datum level of gravity reduction is H d . The elevation of the surface of the reference ellipsoid is H 0 . The vertical (Torge, 2001, equation (3.107) ), ζ : the height anomaly, h: the geometrical height (Heiskanen and Moritz, 1967) or the ellipsoidal height (Torge, 1989, equations (2.70a ) and (2.71a); h = H N + ζ = H + N ). gradient of gravity (VGG) anomaly ∂ g/∂r is included. The truncated spherical shell system of gravity correction is included by a truncation angle ψ (see Fig. 3 ). Then, since the 'anomaly' can be defined by the difference between the observed value and the reference value, we define the generalized Bouguer anomaly ( g p,H d ) by the difference between the observed gravity reduced onto the datum level at an elevation H d and the reference gravity reduced onto the same datum level at H d . Namely, the generalized Bouguer anomaly is defined by the form
where, g p,H d denotes the reduced observed gravity, and γ H d denotes the reference gravity. The detailed equations are described in Section 3.2. In Fig. 4 , we show a schematic view of the observed gravity reduced onto an arbitrary datum level of elevation H d and the reference gravity within the mass distribution. This approach of defining the generalized Bouguer anomaly at the same datum level looks classical. However, in the followings, we will find a new relation between the generalized Bouguer anomaly and the 'gravity anomaly' defined in the physical geodesy (Heiskanen and Moritz, 1967) . In spite of the difference at the same datum level, we use the notation instead of δ. This is because we do not see the terminology 'Bouguer disturbance' in the literature.
Formulation
In this section, we discuss the generalized Bouguer anomaly based on the defining equation, Eq. (1). In the VGG anomaly ∂ g/∂r , the gravitational effect of the near surface density anomaly, which represents the inhomogeneity of the topographic mass-density field from ρ B , is included together with the VGG anomaly in the free-air space. The functions H + (1, ψ) and H − (1, ψ), which govern the gravitational behaviour of a thin spherical cap with a truncation angle ψ (Nozaki, 1999) , are given as
(hereafter, double signs should be taken in the same order). The derivation and the physical properties of these functions are shown in Appendix A. It is clear that an identical equation
holds for any truncation angle ψ. Concerning the spherical gravity corrections, see Nozaki (1981 ' and 'correction' (after Nettlelton, 1940, Chapter 4) . For example, the Bouguer 'reduction' is performed by the terrain 'correction', Bouguer 'correction' and freeair 'correction'. The terminology 'reduction' is used for the level-transformation of the gravity value from one elevation level to another. Such technical terms used in this paper are summarized in Table 1 . figure. ρ B is the Bouguer reduction density.
Reduced observed gravity (1) The case H d < H p
In this case, the observed gravity g p at the elevation H p is reduced to the Bouguer-reduced observed gravity g pH d at the elevation H d (< H p ) as shown in Fig. 5(a) .
When the elevation of the datum level of gravity reduction H d is lower than that of the gravity station H p (see Fig. 3(a) ), the Bouguer correction is to remove the Earth's materials above the datum level of gravity reduction. Accordingly, we introduce the spherical Bouguer correction for 
where, f + denotes the sum of the terrain and Bouguer corrections for the datum level of H d < H p :
The Bouguer reduction (see Table 1 ) is made up of the spherical terrain correction (T C p ), the spherical Bouguer correction (BC + p ), and the free-air correction over the inter-
Notice that, in the free-air correction, the term of the VGG anomaly is added to the integrand on the righthand side of Eq. (4). A schematic view of the Bouguerreduced observed gravity g p,H d for the case of
In this case, as shown in Fig. 5 (b), the observed gravity g p at the elevation H p is reduced to the elevation H d (> H p ) by the Prey reduction (e.g. Heiskanen and Moritz, 1967) after terrain and Bouguer corrections. When the elevation of the datum level of the gravity reduction H d is higher than that of the gravity station H p , the Prey reduction should be applied over the interval [H p , H d ] to the observed gravity g p (see also Fig. 3(b) ). This is because we have to fill up the open space above the Earth's surface H p by the Bouguer correction with the Earth's materials whose density is ρ B . Accordingly, we introduce the spherical Bouguer correction for
Thus, in the case of H d > H p , we have the Prey-reduced observed gravity, g p,H d ,
where, f − denotes the sum of terrain and Bouguer corrections for the datum level of
Notice that the term of the Prey correction as well as that of the VGG anomaly are added to the integrand on the righthand side of Eq. (6). A schematic view of the Prey-reduced observed gravity after terrain and Bouguer corrections g p,H d for the case of H d > H p is illustrated in Fig. 5 (b). Although the term 2π
on the right-hand side of Eq. (6) is 4π Gρ B regardless of ψ (see Eq. (3)), we shall retain this form in the following sections to show explicitly the gravitational contribution of the Bouguer spherical cap. We notice here, the difference between Eqs. (5) and (7) is that the factor of the integrand on the right-hand side of Eq. (5) 
The first and second terms in the braces of Eq. (9) are the contribution of the terrain and Bouguer corrections to the observed gravity for H d < H p , while the third term in the braces is essentially that of the Prey correction to the reference gravity (see Eqs. (5) and (4) 
In the braces of Eq. (10) 
This means that Eqs. (9) and (10) 
This is directly derived from any one of Eqs. (9) 
Generalized Bouguer Anomaly at Some Specific Datum Level of the Gravity Reduction
In this section, we define the specific datum levels of the gravity reduction so that the generalized Bouguer anomalies are not affected by the topographic effects. Also we discuss the physical properties of the generalized Bouguer anomalies upon the specific datum levels. 4.1 Specific datum levels of the gravity reduction 4.1.1 Specific datum level H d0 The condition of the specific datum level H d0 of gravity reduction, upon which the generalized Bouguer anomaly g p,H d becomes independent of any ρ B (see Section 2 and Fig. 1) , is given by the equation
By this condition, one can obtain the defining equation of H d0 from Eq. (9) or equivalently from Eq. (10) as
In the following we shall call this specific datum level of gravity reduction H d0 'ρ B -free specific datum level' or in short 'ρ B -free datum level'. The meaning of the ρ B -free datum level H d0 can be understood as follows. The condition expressed by Eq. (13) corresponds to that the sum of the terms in the braces on the right-hand side of Eq. (9) or Eq. (10) is zero, i.e. independent of the Bouguer reduction density ρ B .
Specific datum levels H d1 and H d2
Another condition for defining the specific datum levels H d1 and H d2 , upon which the topographic gravitational effects are eliminated, is given by Eqs. (5) and (7):
This is the condition that the sum of the terrain correction T C p and the Bouguer correction BC p is always zero regardless of ρ B . This condition leads to the definition of the additional specific datum levels (H d1 and H d2 ):
and
Since the terrain correction T C p (1) is almost everywhere positive for a small truncation angle ψ (say ψ < 3 degrees), the elevation of the specific datum level H d1 is almost everywhere lower than that of the gravity station H p (x, y) . For the flat Earth approximation, the specific datum levels H d1 and H d2 are located at the mirror-imaged positions with respect to the elevation of the gravity station H p (see Eq. (23)); and so the specific datum levels H d1 and H d0 with respect to the elevation of the normal ellipsoid H 0 (see Eq. (22)). The elevation of the point
, and the elevation of the specific datum level H d2 is almost everywhere higher than that of the gravity station H p (H d2 > H p ). Notice that H d1 and H d2 can be computed from the known quantity of the terrain correction for the unit density T C p (1) for each gravity station. Also H d0 is computable if H 0 is given. Remember that H 0 is the elevation of the reference ellipsoid in the orthometric height system of this paper, and its magnitude is equal to the geoid height N (i.e. H 0 = −N ).
4.1.3 Relation between the specific datum levels Since the specific datum levels H d0 , H d1 and H d2 can be defined for each gravity station, these specific datum levels form surfaces as functions of the horizontal position (x, y):
Each of the three surfaces of H d0 (x, y), H d1 (x, y) and H d2 (x, y) has undulation like the Molodensky telluroid (Heiskanen and Moritz, 1967) .
The geometric relation among the surfaces of the specific datum levels H d0 (x, y), H d1 (x, y) and H d2 (x, y) is shown in Fig. 7 . From Eqs. (14) and (16), the specific datum levels H d0 and H d1 are related to H 0 in the following way
Also, from Eqs. (16) and (17), the specific datum levels H d1 and H d2 have a relation against H p as
In the same manner, from Eqs. (14) and (17), the specific datum levels H d0 and H d2 have a relation
It is interesting that the relation between H d0 for H 0 and H d2 for H p is reciprocal:
From Eqs. (18) and (19), we have the relation equivalent to Eq. (20) or Eq. (21):
Particularly in a flat Earth approximation of the gravity correction, i.e.,
[for ψ ∼ 0, refer to Eq. (2)], the specific datum levels H d0 and H d1 locate at the same distance of lower and upper positions with respect to H 0 , respectively (see Eq. (18)), resulting in
Also from Eq. (19), H p takes the algebraic mean value of H d1 and H d2 :
Furthermore, if the topography is very gentle and hence the value of the terrain correction T C p (1) is negligibly small, H d0 degenerates into the elevation H Q of the point Q, that is,
as shown in Fig. 7 (16) and (17)). On the other hand, particularly in the spherical shell system of gravity correction, i.e.,
the datum levels H d0 and H d2 take the infinite values (see Eqs. (14) and (17)), and lose their physical meanings, while H d1 still takes a definite value of
(see Eq. (16) for ψ = π ). At first sight, this seems to be inconsistent with Eq. (18). However, substituting Eq. (14) into Eq. (18), we get
This relation is consistent with Eq. (24) since H + (1, ψ) = 2 and H − (1, ψ) = 0 for ψ = π. (9) or (10) are complementary to each other with respect to the whole interval of the free-air correction. The integration over the interval [H 0 , 0] plays an important role in the geodetic interpretation of F A (as is described in Section 4.5).
Introduction of the new notation F A Let F A denote
Ignoring the VGG anomaly, F A is the approximation of the free-air anomaly g F (e.g. Heiskanen and Moritz, 1967, equation (3-62) , p. 146). Alternatively, F A can be rewritten as
and also as (Heiskanen and Moritz, 1967, equation (8-7) , p. 293), or the point free-air anomaly (e.g. Torge, 1989, equation (3-7a), p. 54) , that is the difference between the measured gravity at the ground and the normal gravity at the telluroid. In this sense, F A is the free-air anomalies in the Molodensky's sense, although F A of Eq. (25-1) was firstly defined for the free-air corrected observed gravity on the geoid as the gravity anomaly (Heiskanen and Moritz, 1967, equation (2-139) , p. 83).
Using F A, hereafter, we will proceed to formulate the ρ B -free generalized Bouguer anomaly.
Representation of the generalized Bouguer
anomaly at the specific datum level The generalized Bouguer anomaly upon an arbitrary datum level of H d is given by any one of Eqs. (9) and (10). By substituting F A as defined by Eq. (25) into Eq. (9), we have
The first and second terms in the braces of Eq. (28) are essentially the terrain and Bouguer corrections for the observed gravity, while the third term in the braces is essentially the Prey correction for the reference gravity. As was previously mentioned, one can derive the same results by using Eq. (10) (14), (16) and (17)) into H d in Eq. (28), we have, respectively, the representation formulae of the generalized Bouguer anomalies at the specific datum levels of gravity reduction H d0 , H d1 and H d2 as follows:
For the sake of the later calculations, in Eqs. (29)- (31), we retain the terms that vanish under the conditions of the specific datum levels.
Notice that, in Eq. (29), the sum of the terrain and Bouguer corrections (the first and second terms in the braces) is canceled out by the term of the Prey correction (the third term in the braces), resulting in all the terms concerning ρ B in the braces on the right-hand side vanish by setting the datum level at H d0 . This is because the specific datum level H d0 is so defined as to satisfy Eq. (13). Also, in Eqs. (30) and (31), the sum of the terrain and Bouguer corrections, which corresponds to the first and the second terms in the braces on the right-hand sides, vanish by setting the datum levels at H d1 and H d2 , respectively. This is because the specific datum levels H d1 and H d2 are so defined as to satisfy Eq. (15). Notice, that the interval of integration of the fifth term on the right-hand side of Eq. (31) When these vanishing terms in Eqs. (29), (30) and (31) are set to zero, we have the final equations
respectively. Equation (32) is a representation of the condition that the generalized Bouguer anomaly (left-hand side of Eq. (9) or Eq. (29)) is independent of the Bouguer reduction density ρ B . Equations (33) and (34) ( g p,H d0 ) is approximated to
Rewriting Eq. (35) by using Eq. (25), we obtain the following approximate representations
gravity disturbance on the ellipsoid
gravity disturbance on the geoid
gravity disturbance at any datum level H dc . (36) Thus, we conclude that the generalized Bouguer anomaly at the ρ B -free datum level H d0 , that is, the ρ B -free Bouguer anomaly g p,H d0 , is the gravity disturbance. Also, Eq. (36) represents that the gravity disturbance is invariant for the level transformation in the free-air space. Equation (35) represents the relation between the gravity disturbance ( g p,H d0 ) and F A (the Molodensky's free-air anomaly). Although the details will be described in the next section, this fact suggests that Eq. (35) has a tie to the fundamental equation of physical geodesy. Also, Eq. (36) implies that the gravity disturbance in the free-air space can be defined not only at the elevation of the geoid but also at any level H dc . The gravity disturbance ( g p,H d0 ) is not defined by the right-hand side of Eq. (36) but results in the right-hand side of Eq. (36). Such a view of the gravity disturbance ( g p,H d0 ) is schematically illustrated in Fig. 8 . Particularly, when g p,H d0 is upward-continued in the freeair space to the station level at P, it is interesting that the gravity disturbance ( g p,H d0 at P) does not change the value even though the removed or moved topographic masses are completely restored (cf. Eqs. (29) and (32)).
From Eqs. (32), (33) and (34), the relations of g p,H d1 and g p,H d2 to the ρ B -free Bouguer anomaly g p,H d0 are given as
respectively. 4.5 Relation to the fundamental equation of physical geodesy Since H 0 = −N , it is shown below that Eq. (35) has a tie to the fundamental equation of physical geodesy (Heiskanen and Moritz, 1967, equation (2-148) , p. 86).
Regarding VGG of the normal gravity field as constant, Eq. (35) yields
On the other hand, the fundamental equation of physical geodesy is written as
where, g denotes the (geodetic) gravity anomaly, and T denotes the gravity disturbing potential. Then, using the relation δg = − ∂ T ∂r and the Bruns' formula Eq. (40) is written as
which is equivalent to the fundamental equation of physical geodesy. Comparing Eqs. (39) and (41), it is clear that these two equations are similar to each other, identifying F A with g, g p,H d0 with δg, and −H 0 with N .
Estimation of the Bouguer Reduction Density
We will show in this section that the Bouguer reduction density ρ B is estimated by the plot of F A against the specific datum levels, and also H 0 is estimated on the same plot.
Derivation of the equation for estimating the
Bouguer reduction density As was explained previously, each of the specific datum levels H d0 , H d1 and H d2 , upon which the generalized Bouguer anomalies g p,H d0 , g p,H d1 , g p,H d2 are defined, forms a surface as a function of the horizontal coordinates (x, y):
Here, we shall notice that Eqs. (32), (33) and (34) 
As for the derivation of these equations, refer to Appendix B.
In (x, y) . Therefore, the total differential of the generalized Bouguer anomaly at the specific datum level (d g p,H di , for i = 0, 1, 2) can be written as
as a function of the horizontal coordinates (x, y) and H di , (i = 0, 1, 2). When we assume that each g p,H di , (i = 0, 1, 2) takes a constant value in the neighborhood of (x, y), i.e. the lateral variation of g p,H di is sufficiently small, Eq. (45) yields
Since the partial differential coefficients satisfy the equation
Eq. (46) leads directly to the following approximate relation:
Thus, subtracting Eq. (42) from Eq. (43) and using Eq. (47), and assuming constant VGG anomaly, (∂ g/∂r ) = β, we have
From Eqs. (43) and (44), one can also derive the result equivalent to Eq. (48). We shall notice again that all quantities in Eq. (48) but for ρ B and β are known. Differential coefficients in Eq. (48) have the following relations:
These relations of Eqs. (49) and (50) 
which is essentially equivalent to the result given by Hagiwara et al. (1986) for estimating the Bouguer reduction density. This is a kind of the Nettleton's method (Nettleton, 1939) for density determination. (52) Next, based on the above characteristics (3), we can adjust the H d0 -line so as to pass through the intersection point C. Then, the intersecting condition H d0 = H d1 , (i.e. Eq. (14) = Eq. (16)), leads to
Estimation of H
Finally we have, from Eqs. (53) and (52), at the intersection point C
Of course, the geoid height N is given as N = −H 0 = − H d . In addition to the above results, it can be shown that the fundamental equation of physical geodesy, equivalently Eq. (41), is satisfied at the intersection point C ( 
Derivation of the Bouguer Anomaly at the Geoid from the ρ B -free Bouguer Anomaly at H d0
The Bouguer anomaly has been used for estimating subsurface structure. The primary purpose of defining the generalized Bouguer anomaly is to obtain the Bouguer anomaly which is free from the density assumption used in the Bouguer correction as well as in the terrain correction.
So far, we have found that the ρ B -free Bouguer anomaly g p,H d0 is realized upon the ρ B -free specific datum level of gravity reduction H d0 , which is not restricted to the geoid surface. Furthermore, the ρ B -free Bouguer anomaly at H d0 , g p,H d0 , is nothing but the gravity disturbance in the theory of physical geodesy. Thus, in order to estimate subsurface density structure, we have to reduce the generalized Bouguer anomaly from the ρ B -free specific datum level of H d0 to the geoid surface. When such a reduction is done, one can study the subsurface density structure by Tsuboi's double Fourier method Tsuboi and Fuchida, 1938 
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Appendix A.
Effects of the Earth's sphericity and the truncation angle of the spherical shell Figure A1 shows a schematic illustration of a thin spherical cap of axial symmetry. Let h be the thickness of the thin spherical cap, ρ the density, ψ the truncation angle, and t = r/r ± the normalized geocentric distance of the spherical cap. Then, the gravity (g ± ) due to the thin spherical cap at a station P ± on the symmetry axis can be written as . Schematic illustration of a thin spherical cap with a small thickness h and a truncation angle ψ. r denotes the radial distance of the spherical cap. P + and P − denote the computation points of gravity at the radial distances r + and r − , respectively.
(double signs should be taken in the same order; the same as below), where, α is the azimuthal angle and t = h/r ± . Executing the integration of Eq. (A.1) with respect to α and ψ, we have Here, we shall notice that Eqs. (32), (33) and (33) in themass density distribution is free-air with the centralized total mass. Another mathematical model is such that a mass density distribution inside the reference ellipsoid is constrained by the Clairaut's equation (Moritz, 1990, equations (2-114) and (4-4)). C.4 Reference gravity field introduced in this paper (see Fig. C1 )
The model earth of the reference gravity field introduced in this paper is massive, having a surface layer above and below the reference ellipsoid. The reference gravity field is defined only inside of the model earth, and not outside. The purpose of defining such a reference gravity field is to introduce the generalized Bouguer anomaly. The surface of the reference ellipsoid is common in both the normal gravity field and the reference gravity field.
The reference gravity of this paper at the reference ellipsoid, γ
